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Compressible Laminar Boundary Layer
on a Cone at High Angle of Attack

Russzin A. Smite* anp Pavn K. CuANGT
The Catholic University of America, Washingion; D. C.

An approximate integral method is applied to the three-dimensional laminar boundary-
layer equations, including the energy equation for Prandtl number equal to unity, to obtain
a solution to the attached boundary layer on slender cones in hypersonic flight at high angles
of attack. The velocity and total enthalpy profiles are of the Timman type. The crossflow
velocity profile is a two-parameter family allowing for nonzero crossflow at streamline in-
flection points. Because of the high angles of attack considered, the solution includes the
effect of large crossflow velocity on the boundary layer. Using the pressure data available
in the literature, results for the heat transfer coefficient, surface shear stress direction, and
position of separation are computed. The computations compare favorably with data from

the literature.

Nomeneclature

C = const in temperature-viscosity relation p/p. =
CcT/T.

¢y = surface shear stress divided by pou.?/2

G = pressure gradient parameter, (dp/d¢)/vpM?

FM) = (v — L)M?/2

H = total enthalpy

hy,he = scale factors in equation of motion, ¥q. (1)

KK, = curvature terms used in Eq. (1)

l,m = direction cosines of inviscid streamline tangent

M = Mach number at edge of boundary layer

»,p = gstatic pressure, and dimensionless static pressure

. ratio p/po

R = radius measured from cone tip

Re = Reynolds number, p,u.R/u0o

8 = total enthalpy parameter, H/H, — 1

St = Stanton number, wall heat flux rate divided by
Pouo(H e — H w)

T = absolute static temperature

U,0,W = velocity components in £, 5, ¢ directions, respectively

i = dimensionless velocity ratio, u/u,

Y = Parameter in Appendix B, —(1 4+ Syl +
(v — 1M*/2]Ga/p

z = dimensionless distance used in profiles, Eqs. (8)
and (9)

@ = angle of attack

v = ratio of specific heats

) = boundary-layer thickness

&1,0u, etec. = thickness parameters defined in Appendix A in

transformed coordinates
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‘boundary layer.

51,611, ete. = thickness parameters defined in Appendix A in
physical coordinates

A = three-dimensional displacement thickness

¥ = unit vector tangent to streamline normal coordinate

P = unit vector tangent to streamline coordinate

M = absolute viscosity

v = kinematic viscosity

En,¢ = streamline coordinates, see Fig. 1

I = free parameter in crossflow velocity profile, Eq. (8b)

0y = density, and dimensionless density ratio p/p,

o = free parameter used in defining dimensionless dis-
tance, z

z = ouo/R

¢ = azimuthal angle measured from windward meridian

X = {ree parameter in total enthalpy profile, Eq. (9)

Subscripts

e = indicates edge of boundary layer

0 = indicates edge of boundary layer at windward
meridian

w = indicates surface or wall value

Introduction

HIGH—SPEED slender cone-shaped vehicles, whether of the
lifting re-entry class or maneuverable interceptors, can
encounter flight conditions of very high angle of attack. The
aerodynamic problem for such a vehicle is complicated by
the interaction of an inviscid flowfield, a large separated
region on the leeward side, and an attached three-dimensional
The attached boundary-layer computa-
tions provide information such as the local heat-transfer rate
and also initial values for the computation of the separated
flow region on the leeward side.

The boundary layer is greatly influenced by the cross-
flow. This crossflow, which is identically zero at the wind-
ward meridian, grows along the streamwise direction under
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Fig. 1 Streamline coordinates for three-dimensional
boundary layer.

the influence of a transverse pressure gradient. In the re-
gion of the pressure minimum the magnitude of the crossflow
was found to be comparable to the streamwise velocity,
even at angles of attack on the order of one cone half angle.
By avoiding simplifying assumptions such as similar profiles
and small crossflow veloeity, special emphasis was placed in
this analysis on the large crossflow and the determination of
properties up to the separation point.

As sketched in Fig. 1, an orthogonal streamline coordinate
system was formed from the inviscid surface streamlines, the
normals to the streamline in the cone-surface, and the sur-
face normals. The crossflow is less pronounced in such a
coordinate system because of the zero boundary conditions
imposed on the crossflow velocity profile at the wall and the
free stream. The strength or magnitude of the crossflow
is conveniently measured by the ratio of the crossflow wall
shear stress to the streamwise wall shear stress or by the
angle between the resultant wall shear stress and the inviscid
streamline direction. If this angle is small, the crossflow
velocity is small in comparison with the freestream velocity.
Hayes! demonstrated that if in comparison with the stream-
wise velocity, the crossflow velocity and its derivatives are
neglected, the two momentum equations are uncoupled in
streamline coordinates, and additionally the crossflow mo-
mentum equation is linear.

However, the small crossflow assumption breaks down
when the skew of the surface shear stress off of the inviseid
streamline coordinate exceeds about 25-30°. Rainbird et
al.? compared analytical and experimental results for a 124°
cone in incompressible flow, showing that above angles of
skew of about 25° the small crossflow assumption becomes
progressively less accurate. A similar conclusion can be
reached from the analytical work of Fannelop® and Chan.*
Each of these investigators used a perturbation technique
to solve the general boundary-layer equations. Cumpsty
and Head® reached the same conclusion in a study of the in-
compressible turbulent boundary layer. Dwyer® and Der”
point out that the small crossflow assumption can be in-
accurate even when the crossflow is small. Examples are
the regions near the windward and leeward meridian of a
body of revolution at angle of attack. The crossflow deriva-
tives may not be negligible in this region.

Der” and Cooke? used numerical methods to examine the
three-dimensional cone boundary layer. Results were pre-
sented for angles of attack up to approximately one cone half
angle. In particular, Der suggests that the small crossflow
assumption is invalid at an angle of attack on the order of
one cone half angle. An approximate analysis of the laminar
boundary layer is presented in this paper, and utilized to in-
vestigate the conditions at angles of attack much greater
than one cone half angle. Numerical evaluations are given
for 10° hali-angle cones up to angles of attack of 24°, and
5° half-angle cones up to angles of attack of 55°. The results
are found to compare favorably with the experimental data
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of Tracy® and Feldhuhn and Pasiuk!® for 10 and 5° half-
angle cones, respectively.

General Equations

A general curvilinear coordinate system was used to write
the boundary-layer equations for steady flow. In this
coordinate system an element of length dL is

dL)* = (md§)* + (hadn)® + (d5)*

where £, n are coordinates in the surface of the cone and ¢
is a distance measured normal to the cone surface. The
metric coefficients or scale factors 2 and hy were assumed to
be independent of ¢.

For Pr = 1, the compressible laminar boundary-layer
equations are,!!
Continuity

(0/08) (phau) + (0/0m) (phav) + hiha(0/00) (pw) = 0 (la)
Momentum

p(Du/Dt — wwK,y + v2K,) =
—(1/m)op/0¢ + (0/0¢)} (uou/07) (1b)

p(Dv/Dt + u?Ky — wK;) =
— (I/h2)op/0n + (0/07) (wdw/3¢)  (1e)
Energy
DH 9 OH
5= 5 (03
where the operator D/Dt is defined by
D/Dt = (u/m)0/0f + (v/h2)0/dn + wd/0¢

(1d)

and
Kl = - (l/hlhz)ahz/bf, K2 = - (1/h1hz)ah1/a‘l]

These equations were solved by an approximate scheme
which uses the so-called integral equations. The integral
equations were obtained in the usual fashion of integrating
across the boundary layer. First, however, a simple trans-
formation was adopted which eliminates the variable density
from the equations. A transformed variable was defined by

F= o B @

Po

where the subseript o indicates a reference state taken here
as the inviscid conditions at the windward meridian. Using
the temperature at the boundary-layer edge and the cone
surface, the parameter C was evaluated by the Sutherland
temperature-viscosity relation. The variable density was
thus eliminated from Eq. (1), and the form was similar to
that of an incompressible flow. A complete transformation
into the form of an incompressible flow is not possible because
of the presence of heat transfer.

The transformed equations were then integrated over
the limits, { = 0 to { = «. Using the continuity equation
to eliminate the transformed w velocity component, and using
the thickness parameters defined in Appendix A, the result-
ing equations were

10 = 190 - ~ ~
Pl (ue2011) + - — (u82012) - ue2K2(012 -+ 921) -+
h2 bn

hi &
- %o Olle y—1.,
022)+h165[<1+_—2 M)X

- ue2K1(911 -
ou

@+ 55) -+ %} M2 (6 + 522)] + Q;T;a—'r]e by =
P

ou

Yo 3F (3a)

w
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10 . 1 0 ~ _ _ -
}_L; &é (ue021) + ]'Z‘; 5;7‘ (4e262) — Ku2(0n + 612 + 62) +

-1 = = _
ulKo [<1+ ’Y—2* M2> (01 + 05 + 6u) —

v y—1 214 = g 93)
(1 ———2 M > 022:] = e Yo ag-_ . (Sb)
12, ~. 102 = - ~
fn 5g WO+ S @0 — KOy~ K, =
2,9
—_ D Voag-_ . (30)

where S = H/H, — 1. Equations (3) can provide a solution
to three free parameters, so it was necessary to express the
nine thickness parameters in terms of only three free param-
eters. This of course means the two velocity profiles and the
total enthalpy profile had to be expressed with no more than
three free parameters.

Streamlines on a Cone at Angle of Attack

As defined earlier, the coordinates £, 7 were restricted to
the cone surface, but were otherwise unspecified. If the
coordinates are taken as streamline coordinates, then Egs.
(3) represents a set of coupled partial differential equations.
A solution could be obtained by an iterative process, whereby
one neglects the derivatives with respect to 5 as a first itera-
tion, and then includes approximations to these derivatives
after a number of adjacent streamlines are computed. This
procedure was demonstrated by Kang, et al.!?2 for the case
of an Apollo-type re-entry body. Because of the conical
external flow, the problem could easily be formulated in a
spherical coordinate system as well as in streamline coordi-
nates. The streamline coordinates were chosen in this
analysis because it is in such intrinsic coordinates that the
behavior of the crossflow is best understood. This was con-
sidered an important advantage when modeling the cross-
flow velocity profile.

The coordinates of these streamlines and the direction
cosines of the streamlines were determined from the pressure
distribution. Using index notation for the inviscid velocity
vector on the cone surface

uk = y N, (kb = 1,2)
where
Al = OR/Qs!, A\ = O¢/0s? 4)

Leigh and Ross!® derived the differential equation for the
unit vector A+ for the case of a blunted cone. For the
conical flow associated with the pointed cone, p = p(¢) only.
The streamline direction cosines are also functions of ¢ only,
and are expressed in terms of \* by

=\, m = R sinf,\* 5)

Applying the chain rule for the partial derivatives in the
streamwise direction

0/ds' = N(3/0R) + N*(0/0¢) ©)
the equation of Leigh and Ross®® reduces fo
dljdp = m + 1G($), 1"+ m? =1 )
where @ = ¢ sinf. and

G(@) = (1/ypM*op/0¢

Equation (7) was solved to give the local streamline properties.
The coordinates of a streamline could be determined using
Eq. (4) and the vesults from Eq. (7). From the analysis of
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——=——— INVISCID STREAMLINE

SURFACE STREAMLINE

Mo = 5.9 8 = 5° (REF.10)

Fig.2 Examples of inviscid and surface streamlines on the
developed surface of a cone.

Leigh and Ross the curvature terms were determined to be
K, = ’G(¢)/mR, K, = —IG($)/R

The resulting inviscid streamlines based on the experimental
pressure data of Feldhuhn and Pasiuk!® for a 5° half-angle
cone are shown in Fig. 2 for 15° and 40° angle of attack.
Also shown are the surface streamlines based on the surface
shear stress. The surface streamlines were based on oil drop
flow visualization data of Feldhuhn and Pasiuk. The large
difference between the surface and the inviscid streamline
direction is apparent. The separation line was taken to be
a cone ray and the surface streamline is tangent to this
separation line. This is consistent with Maskell’s’4 ex-
planation of three-dimensional separation.

Assumed Profiles

Having adopted an approximate integral method, the
choice of profiles was quite important. Based on favorable
results obtained in incompressible flow with streamline in-
flection points, the following profiles of Cooke!® were chosen:

w/u. = f(z) — Ag(2) (8a)
v/ue = Ih(z) — Ng(z) (8b)
where
2 = {(voo) 05
f@ =1 — 2/7%2e=%" — erfe(?)
9(2) = e~ ¥(2/37%5 — §) — Jerfe(e)
h(z) = 2e=%

In these profiles ¢ and II are free parameters evaluated in
the solution of the differential equations. N and A were
determined from the so-called compatibility conditions
fixed by the wall boundary conditions, u = v = 0, to be

A= -0+ 8 (1 + A’T“l zvn) o\ G () /P

N=(00-28 (1 - 7—;1 M”) oKyiie/D

The two-parameter family of streamwise velocity profiles is
commonly used in problems involving adverse pressure.
The additional free parameter II introduced in the cross-
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Fig. 3 Comparison of surface streamline results with
experimental data.%

flow velocity profile, allowed the possible existence of s
shaped profiles, and allowed the crossflow velocity to be non-
zero when the curvature K, was zero. K, is zero at the point
of minimum pressure, however, the crossflow is quite large
here. A profile which assumed zero velocity at this point
could be expected to introduce a significant error.

The total enthalpy profile contained a free parameter which
determined the heat transfer rate, and satisfied the boundary
condition S —0asz— o and 8 = S,atz = 0. The profile
formulated for this analysis was

S/8» =1 = fl2) — xh(2) ©)

where x is the free parameter.

Solution of Integral Equation

Just as Eq. (6) represents a transformation from streamline
coordinate derivative to spherical coordinate derivative, a
similar equation can be utilized for the derivative with
respect to the streamline normal coordinate. Again apply-
ing the chain rule to a partial derivative gives

(1/h2)0/0n = 0/3s* = 7'(0/dR) + n*(d/04)

Using the fact that 7* is normal to A&, % can be eliminated
in favor of N\ to yield
0 M2

o = MR sl aR T R sind. 56 (10)

Eqgs. (6) and (10) were then applied to the integral equation,
Eq. (3). The thickness parameters were evaluated using the
assumed profiles of Egs. (8) and (9). The dimensionless param-
eter T = ou,/R was defined, and the thickness parameters
were assumed to grow according to R°5, This allowed the
explicit appearance of B to disappear and after algebraic
manipulation the below set of nonlinear first-order ordinary
differential equations resulted for the free parameters Z, II,
and x

Fy _-I—Fz -+F4—0

dé dé
d5+G2 qu+G4—0 an
dz dIl
H1d¢+H2d-E>+H3d¢+H4=O

The coefficients F';, G; and H; are listed in Appendix B.

The free parameters Z, II, and x ean be determined by
integrating Eq. (11) once the pressure distribution is known.
Tracy? and Feldhuhn and Pasiuk' have studied experimen-
tally the surface pressure distribution and other properties on
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cones at high angles of attack. This provided an evaluation
of the approximate method by comparing the integrated re-
sults for wall shear stress and heat transfer with the experi-
mental data.

The integration began just off the windward meridian.
Starting values for 2 and x were determined from an inde-
pendent solution of the equations determined by Reshotko®
for the windward meridian of an inclined cone. The starting
value of II was zero, since the crossflow is identically ‘zero
on the windward meridian. Because these initial values
did not satisfy exactly the governing equations the first few
steps of the integration produced oscillatory results. If this
oscillation diverged, the solution was restarted somewhat
further off of the windward meridian. Working in this
manner, no solution was started further than 0.02 rad
off the windward meridian. Using integration steps of
0.005 rad, a complete calculation up to the separation
line using a fourth-order Runge-Kutta procedure required
about 40 sec on an IBM 7094 system. The lower angles
of attack were computed accurately using a step size of 0.01
rad. On the other hand, when the angle of attack ex-
ceeded 50°, a step size of 0.002 rad was often -used, and
the computations did not extend beyond the point of mini-
mum pressure. At these high angles of attack, instability in-
variably occurred in the region of adverse pressure, and the
separation point was not determined.

Surface Streamlines

The surface streamline direction is identical to the direction
of the local surface shear stress. In terms of the skin-frietion -
coefficient, the streamwise and crossflow components of wall
shear stress are

ero(Re/C) = ay(2 + A)agp/ =05
¢/u(RBe/C)05 = (21 + a,N)ap/ 20

The local value of the direction of the surface streamlines was
determined from the direction of the shear stress components
and compared with experimental results on 5°% and 10°°
half angle cones. A favorable comparison was found in-

4%
o d =55 Mw = 5.9, 8:=5
O d= :co'}
Ad=s Sw = =46 (REF.10)
- [o]
X = 24 Mo = 8, 8. =10°
B d=12 Sw =~ .6 (REF, 9}

e,
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Fig. 4 Comparison of Stanton number results with
experimental data.%
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cluding the prediction of the separation line, as noted in Fig,.

3. Itisinteresting that the difference between the directions
of the surface streamline and the inviseid streamline coordi-
nate direction is greater at an angle of attack of 15° than at
40° angle of attack on the 5° half-angle cone. Another
significant feature of these results is the great change in the
direction of the streamlines just prior to the separation poin.
The flow near the wall undergoes a large reversal in the direc-
tion while near the edge of the boundary layer the change in
direction is small. This illustrates the need for two param-
eter crossflow velocity profiles in this region.

Heat Transfer

The local Stanton number was computed for a determina-
tion of wall heat flux. Using the free parameter x of the
analysis the local Stanton number is found to be

St(Re/C)** = (a + x)p/2"

for unit Prandtl number. The computed results are com-
pared with the data of Tracy? and with Feldhuhn and Pasiuk
in Fig. 4. Tracy’s results were referenced to the zero angle-
of-attack value of the cone Stanton number. In this analysis,
the reference value of Stanton number was based on the flat
plate data of Van Driest,!” and computed for the flow condi-
tions of Tracy’s experiment. For Pr = 1, the result was
St(Re)*5 = 0.484. The comparison of the analytical results
with the experimental data was again found to be good.

Crossflow

The influence of wall temperature on the magnitude of
crossflow is well known. Vaglio-Laurin®® pointed out that
when the quantity (u/u.)? — p,/p is zero, the crossflow mea-
sured in streamline coordinates is identically zero. This
condition on the velocity profile is known to be approximated
for very cold walls and high hypersonic Mach numbers.
A reduction in the skew of the surface streamline off the in-
viscid streamline direction as the wall temperature becomes
colder is clearly seen in the surface streamline results of Fig.
5. Various crossflow velocity profiles plotted in Fig. 6 also
illustrates this point.

Another important feature of the crossflow is the signifi-
cance of the free parameter IT in Eq. (8b), the assumed cross-
flow velocity profile. The wall compatibility condition re-
quires the form parameter N in Eq. (8b) to be dependent on
the pressure gradient. Thus N is zero at the pressure mini-
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Fig. 5 The effect of wall temperature on surface stream-
line direction.

mum. However, as shown in Fig. 6, the crosslow velocity
is quite large at this point. In the region of the adverse
pressure gradient, reversal of the crossflow begins. This
most influences the fluid near the wall, where a reversal in
the crossflow velocity occurs. If separation is sufficiently
delayed the entire profile eventually reverses. To predict
such behavior the crossflow velocity profile must be a two
parameter family.

The results of Fig. 5 indicate that the separation point is
not moved downstream significantly until S, becomes less
than about —0.8. The experimental pressure distribution®
used to obtain these results is valid on the leeward side for
moderately cold walls (S, = —0.5). Since the separation
point moves significantly, the pressure distribution on the
leeward side is affected. For this reason, the large change
in the separation point for S, = —0.95 and S, = —1 should
be considered only qualitatively correct.

Boundary Layer and Displacement Thickness

In two-dimensional flow, the displacement thickness is de-

fined by
=" (1 - £~
0 = j'O (1 pgue> da¢

However, for a three-dimensional boundary layer Light-
hill'® noted that the displacement effect of mass entrainment
from the freestream is inadequate for the definition of a true

Ma= §
6 = & k- 5
w = -1
Sw =~T2
Z
SEPARATION
ﬁ’mor&
155° 60" 20
120°
J i
L L -
3 -1 0 1 2

V/ue

©)

Fig. 6 Examples of crossflow velocity profiles at various wall temperatures.
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Fig. 7 Growth of displacement thickness on a cone at
high angle of attack.

displacement thickness. If a crossflow exists, the net effect
of a change of the crossflow along a streamline must be con-
sidered. Thus if the crossflow increases along a streamline,
the effect of mass entrainment is somewhat lessened. On
the other hand, if the crossflow is decreasing, the entrainment
effect is augmented.

Lighthill accounted for these phenomena and determined
a three-dimensional displacement thickness by

1 fe) £
j:) patdshndt

= 8 — —
A=b patchs 01

The second term of this expression was evaluated for the case
of a cone at angle of attack, giving

— _&’%2@2_2 _§ﬁf$
A= 61 el:gl a$ 3 lm62 2ue 0 mu962d<$

Typical behavior of the displacement thickness is plotted
in Fig. 7. The three dimensional displacement thickness A
was less than the streamwise displacement thickness 8, on the
windward side where the crossflow is growing. However, in
the region of the pressure minimum the magnitude of the
crossflow decreases somewhat and the three-dimensional
displacement thickness began to grow rapidly and at high
angle of attack it became greater than the streamwise dis-
placement thickness. The displacement thickness predicted
by the windward meridian analysis of Reshotko!® is noted
in Table 1. The approximate method gave significantly
lower values. At high angles of attack (o > 40°) on the 5°
half angle cone the approximate method gave negative values
for the three-dimensional displacement thickness. Although
such negative values are possible due to a rapid growth in
crossflow, the negative values of A encountered in this
analysis are believed to be caused by the low predicted value
of the streamwise displacement thickness. At approximately
30° off of the windward meridian the three-dimensional dis-
placement thickness was no longer negative.

Using the transformation, Eq. 2, and by defining the
boundary-layer edge as the location where u/u, = 0.99, the

Table 1 Displacement thickness on the windward
meridian, 6, = 10°, S, = ~0.6, M_ = 7.9
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boundary-layer thickness was calculated at the separation
point. Predicted boundary-layer thickness is compared in
Table 2 with experimental data presented by Tracy® which
was based on pitot pressure surveys. As seen from this
comparison the computed results are approximately 259,
lower than the experimental data.

Conclusions

Using an approximate integral method, a laminar three-
dimensional boundary-layer solution including convective
heat transfer and not restricted to small erossflow and irro-
tational external flow has been obtained. The computations
show that except for wall temperature parameter S, greater
than about —0.8, the small crossflow assumption is invalid
for angles of attack in excess of the cone half angle.

Comparison with experimental data in the literature show
that heat transfer and surface shear stress can be predicted
accurately. However, the computations for displacement
and boundary-layer thickness appear to yield lower values
compared to data in the literature.

Appendix A: Thickness Parameters

In the transformed coordinate the following parameters
were used

= ®© u -~ = © -
51=f0 <1—;e>d§,62=—f0 - df
_ © - @ u U -
as=_f0 Sd§,0u=f0 (1—ue> o
R ® u v~ . © YUY -
012—_—./‘0 <1— ue>179d§‘, O = — o d}‘dﬁ‘

" w g2 ® U = o= @ V-
bo= = [ ot b= [T a5 6 - [Tsta
Using the transformation equation, Eq. (2), the streamwise
displacement thickness in physical coordinates is found to be
co.s

5 _[@+LQM§@+®+
Pe 2

-1 B _
Y= M2 (e + 022)]
All other thickness parameters in physical coordinates are

found by multiplying the analogous parameter in transformed
coordinates by C®%/p.. Thus, for example

52 = 52 00.5/56

Appendix B: Coeflicients
The coeflicients of Eq. (11) are listed below.
Fi=r+r2+nrn24+ rJIZ + rdl, Fo = 2rZ 4+ 2/3r,22

F4 = TGE + 7'722 + 7'323 + 7’9].12 + 710H22 +
rull*Z + re2x + 1

G1 = ruZ + 11522 4 rllZ 4 Il 4 rsll?
G2 = 27'172 + 2/37‘1622 + 47'131_.[2

Table 2 Boundary-layer thickness at the separation
point, 6, = 10°, S, = —0.6, M_ = 7.9

8.(3u,/Cy R)1/? ABu,/Cr R)12 8/(R sing, )12
a Exact!® Approximate Exact®  Approximate o Computed Experiment?
12° 6.627 3.665 6.200 3.005 12° 0.0480 0.0646
24° 3.079 1.685 2.797 1.102 24° 0.0632 0.0858
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Gy = 12 + 70Z? + ra2® 4 rell2Z 4 rllZ? 4
roIZ + Il - Tzezx

H, = rq2 + Tzszx + rux + TmHX + Il 4 7y
H2 = 27’52 + 27’132)(, H3 = 21‘172 + 2/37‘2322 + 27‘132)(

Hy = 1292 - r302% + raZyx + re2? + rellZx +
rdl2 + TaaX — T13

where
7 = 0.5dsm, Yo = 15Y[(l4 + (a4 + dz)mz]
ry = 2.5a;Ym, ry = 1.5asYIm, r5 = 0.5as]
ai(l + 8u)[1 + F(M)1Gm
s = (a4 + @9)[0.5YIm + m*dY /dp — 2YG —
{14+ F(M)}YGm?] + au(dY/dé — Y @)
rs = @[2YmdY/dg — Y4 — {2 + F(M)}Y2Gm?
ry = —0.5asm, ro = agimldY/dé — 0.5Ym? — YI* +
YBG/m — 2F(M)Y Glm]
ru = a[Gl%/m — F(M)Gm], ro = —asSu[1 + F(M)]Gm
g = —alﬁ/'l,_l/, Ty = 1.5((14 + ag)Ylm, 15 = 2.5a;Y¥
rie = 1.5asY (1 + 1%, rr = 0.5(as + az)m, rs = 0.5a4l
T = 1.5(@4 + ag)Ylm — [1 + F(M)] X
[as + (A + Sn)a:lG

2.5a:Y%m + (as + a2) [Ym? — Y12 4 ImdY /d$ —
2YIRG/m — {1 + F(M)}YGlm]

ra = @[V — 2508 + 2YIdY/d§ — {2 + F(M)} Y61
re = as[0.5m — {1 + F(M)}GI]
as[(1 + DAY /dé — Yim — 2YG —
{1+ 2F (M)} Y G2
ror = 1.5asYlm — 2(as + as)G/m, rss = 0.5(as + a3) — p/%
reg = —aaS[L + F(M)]IGL, rer = 1.5asY, rss = 1.5aY
re9 = as(0.5] — G/m), ry = as(dY/d@Y R)

ry = (as + a3)(0.5 — G/m), r» = as(dY/dp — YG)
T3z = —0.5a9m, T3 = —;5/17,

It

720

I

To3

and
a; = 0.752253, a; = —0.066987, a3 = —0.500000
as = 0.037161, a; = 0.205372, a5 = —0.022314
a; = —0.003798, a5 = 0.289430, as = —0.156668
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